
When kindergarten teacher Ms. Taylor asks Janie to 
count five randomly arranged chips, Janie counts 
some objects more than once, overlooks others, and 
announces that there are 12. Ms. Taylor then models 
counting the chips by moving them one by one while 
saying “One, two, three . . .”

Many 5-year-olds can imitate the 
teacher but then return to their own way 
of counting the same objects more than 
once and overlooking the others. Why is it 
so hard for young children to count fi ve ob-

jects? The answer lies in the nature of logico-mathematical 
knowledge that Piaget studied scientifi cally for more than 
50 years.

Three kinds of knowledge
Piaget made fundamental distinctions among three 
kinds of knowledge, according to their sources: physical 
knowledge, social-conventional knowledge, and logico-
mathematical knowledge (Piaget [1945] 1951; [1967] 1971). 

Physical knowledge 
This is knowledge of objects in the observable world. 
Knowing that marbles roll but counters don’t is an example 
of physical knowledge. Knowing that paper tears easily but 
cloth does not is also an example of physical knowledge. 
Physical knowledge is acquired through actions on objects 
and observation.

Social-conventional knowledge
An example of social-conventional knowledge is language—
for example, understanding the words one, two, three or 
uno, dos, tres. Knowing about the Thanksgiving holiday is 
also an example of social knowledge. Social-conventional 
knowledge’s ultimate source is conventions that people 
create over time.

Logico-mathematical knowledge
While physical and social-conventional knowledge 
have sources in the external world, the source of logico-
mathematical knowledge is inside each person’s mind. 
If I show you a red counter and a blue counter, you will 
probably agree that the two counters are diff erent. In this 
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situation, the diff erence between the counters might er-
roneously be believed to be observable. But the diff erence 
does not exist in the observable world and is therefore not 
observable. The same two counters can also be said to be 
similar—because they have the same shape, are made of the 
same material, and are the same size. However, similarity 
and diff erence are mental relationships—they exist only in 
the minds of the people who think about the objects as be-
ing similar or diff erent. A third mental relationship we can 
create between the red and blue counters is the numerical 
relationship “two.” When we think about the counters as 
“two,” the counters become “two” for us at that moment.

The redness of one counter and blueness of the other 
are examples of physical knowledge, and the labels red and 
blue are social-conventional knowledge. But the diff erence 
between the counters, and their similarity and twoness, do 
not exist in the external world; they are examples of logico-
mathematical knowledge. Only when we think about the 
counters as two do they become two for us at that moment. 
And if two must be mentally created by each individual, all 
the subsequent numbers (three, four, fi ve, ten, one hun-
dred) must also be created by each individual in his or her 
mind. Piaget went on to say more specifi cally that number 
is the synthesis of two kinds of logico-mathematical, men-
tal relationships—hierarchical inclusion and order. 

Hierarchical inclusion and order
If you line up fi ve counters on a table and ask a 4-year-old 
how many there are, she might count them and answer 
“Five.” If you then say, “Show me fi ve,” she might point 
to the last counter in the line and say, “It’s this one” (see 
fi gure 1.1). This response shows the absence of hierarchical 
inclusion—the ability to mentally include one in two, two 
in three, three in four, and four in fi ve, hierarchically. For 
this child, saying “one, two, three” is like saying “Monday, 
Tuesday, Wednesday”—for her, one is the name for the fi rst 
object, two is the name for the second object, and so on. By 
contrast, when a child has constructed the number fi ve, he 
mentally includes one in two, two in three, three in four, 
and four in fi ve (see fi gure 1.2). This is why, when asked to 
show fi ve, adults show all fi ve of the objects rather than just 
the fi fth object counted. 

If you randomly arrange fi ve counters (as in fi gure 2) 
and ask a 4-year-old to count them, she might count the 
same objects more than once and overlook others, as stated 
earlier. This behavior reveals the absence of order. Older 
children and adults fi nd exactly fi ve objects because they 
mentally put them in an ordered relationship and know 

which have been counted and which remain to be counted.
Number names can be taught directly because they are 

part of social-conventional knowledge, but number con-
cepts are part of logico-mathematical knowledge—which 
each child must construct, or create, from within. Number 
concepts cannot be taught directly, because it is impossible 
to directly teach hierarchical inclusion and order. However, 
it is not necessary to teach hierarchical inclusion or order 
because children are able to construct (create) them from 
within (Piaget & Szeminska [1941] 1965; Piaget 1942; Greco 
et al. 1960). This construction from within can be helped by 
indirect teaching, which consists of encouraging children 
to think (logico-mathematically).

Many educators have a tendency to think that if we 
want children to learn this, we must teach this, and if 
we want them to learn that, we must teach that. Piaget, 
however, advocated encouraging children to think in daily 
experiences, as seen in the statement below. Piaget is saying 
here that adults can teach number concepts to children 
indirectly by encouraging them to think in daily living. 

The child may on occasion be interested in seriat-
ing [ordering] for the sake of seriating, in classifying 
for the sake of classifying, but, in general, it is when 
events or phenomena must be explained and goals at-
tained through an organization of causes that opera-
tions [logico-mathematical knowledge] will be used
[and developed] most. (Piaget  [1971] 1974, 17) 
An example of a phenomenon that needs to be explained 

in daily experiences is wondering how a cup has been bro-
ken. The child might think, “There were only two people in 
the house when the cup was broken. Since I did not break it, 
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Figure 1.2 
“Five” uttered to 

represent all 
five elements.

Figure 1.1 
“Five” uttered to 

represent the last 
element only. 

Figure 2. Knowing which object(s) have been 
counted and which one(s) remain to be counted 

by putting them into relationship of order.
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my dad must have broken it.” This is an example of a child 
who thinks actively in daily life. An example of a goal that 
must be attained is finding out that a jar is impossible to 
reach because it is high up on a shelf. The child might think 
about how to reach it, such as bringing a chair to stand on. 
This child, too, is thinking actively in everyday living. Many 
other children are mentally passive because adults seldom 
ask for their opinions.

Encouraging children to think in daily living
Social interaction is crucial for the development of logico-
mathematical knowledge (Piaget [1947] 1950). When a 
teacher introduces games, children usually look to her to 
tell them who goes first. But the teacher can turn to the 
group and ask, “Can you think of a rule for deciding who 
goes first?” The rules they suggest might not work, but 
rules can always be changed if they don’t make sense. In-
cluding children in decision making is one of the best ways 
to encourage them to think.

In deciding who goes first, children make the logico-
mathematical relationships that appear in figure 3. This 
framework shows the five main mental relationships Piaget 
studied:

■■ Classification (Inhelder & Piaget [1959] 1964)

■■ Seriation (Inhelder & Piaget [1959] 1964)

■■ Numerical relationships (Piaget & Szeminska [1941] 1965)

■■ Spatial relationships (Piaget & Inhelder [1948] 1956)

■■ Temporal relationships (Piaget [1946] 1969)

“Who goes first?” requires classifying the children into 
“the one who goes first” and “all the others.” It requires 
numerical thinking because there can be only one person 
who goes first. First here involves a temporal relationship, 
and if the players are sitting in a circle, the clockwise order 
that follows involves spatial relationships. Children who 
are encouraged to make all these logico-mathematical re-
lationships can be said to be taught indirectly to construct 
number concepts.

To cite another example of getting children to think in 
daily experiences, after the teacher comforts a crying child, 
she might ask the class, “Why do you think Lupita was cry-
ing?” After children have offered possible explanations, the 
teacher may ask, “What can we do next time this happens 
to avoid making Lupita—or anyone else—cry?” Children 
have to think to respond to such questions. All the logico-
mathematical relationships children make in response to 
such questions contribute to their development of number 
concepts.

Table 1. Number of Conservers  
Before and After Kindergarten

Teacher Year No. in 
class

Conservers

 Fall Spring

C 1997–1998 25 0 17 (68%)

1998–1999 26 0 23 (88%)

1999–2000 29 4 18 (62%)

2000–2001 26 0 20 (77%)

2001–2002 29 0 25 (86%)

2002–2003 19 2 16 (84%)

P1 1997–1998 24 4 18 (75%)

J 1998–1999 25 0 17 (68%)

1999–2000 27 2 18 (67%)

V 1997–1998 26 0 0 (0%) 

1998–1999 26 0 9 (35%)

1999–2000 26 0 5 (19%)

P2 2000–2001 23 0 4 (17%)

E 2000-2001 20 1 5 (25%)

2001–2002 23 0 0 (0%)

S 2002–2003 20 0 11 (55%)

N 2002–2003 17 1 7 (41%)

Source: Kamii, Rummelsburg, & Kari 2005. Reprinted with permission from  
Kamii 2013. Copyright © Emerald Group Publishing Ltd.
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necessary for the construction of physical and 
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Evidence about the importance of thinking
Two sets of data in this section show that children con-
struct number—that is, they develop number concepts—
when teachers encourage them to think. The fi rst set 
(table 1) is about kindergartners’ construction of number; 
the second set (table 2, p. 76) is about fi rst-graders’ con-
struction of addition. 

Kindergarten data 
The kindergartners in table 1 were in a Title I school in a 
California neighborhood of families with low incomes. (For 
more information about the data, refer to Kamii, Rummels-
burg, and Kari [2005].) Table 1 shows the percentages of 
kindergartners who were able to conserve number at the 
beginning and end of the school year. Conserve here means 
to show evidence of having constructed number. In the 
conservation task, the teacher asked each child to set out 
in a row the same number of counters as the eight he had 
lined up (fi gure 4.1). Next, the teacher told the child to 
“watch what I am going to do,” and he lengthened one row 
and shortened the other (fi gure 4.2). The question he then 
asked each child was, “Are there still as many in this row 
as in that row, or are there more here [top row] or more 
here [bottom row]?” The children who responded that the 
numbers in the two rows were still the same and gave a 
logical justifi cation are said to be conservers (Kamii, Rum-
melsburg, & Kari 2005). 

In table 1, the fi rst column shows the diff erent teachers 
who taught kindergarten during the years listed in the sec-
ond column. The third column shows the number of chil-
dren each teacher had in the classroom during each school 
year. The last column, Conservers, is divided into two parts, 
Fall and Spring, indicating the number of children who 
showed  conservation at the beginning of the school year 
and at the end of the school year.

While in many of the classes no child could conserve 
number in the fall, in all but two classes the percentages 
increased by the end of the school year. These percentages 
varied greatly—from  0 to 88 percent. Teacher C consis-
tently produced high percentages, ranging from 62 to 88 
percent. By contrast, teacher V, in 1997–1998, and teacher E, 
in 2001–2002, started the year with 0 percent conservers 
and ended it with 0 percent. 

All the teachers vaguely remembered having heard 
about conservation in college, and none of them tried to 
teach it. All taught kindergarten in their own ways as 
they thought they were expected to teach. However, at 
the end of the school year it is clear that teachers C, P1, 
and J interacted with children diff erently than teachers 
V, P2 , and E. What were the diff erences in the teachers’ 
practices? A look at researchers’ work with two groups of 
children in fi rst grade helps answer the question (Kamii, 
Rummelsburg, & Kari 2005; Kamii & Rummelsburg 2008). 
The fi rst-graders in one group were indirectly encouraged 
to think by being given physical-knowledge activities for 
half of the school year.

Table 1. Number of Conservers 
Before and After Kindergarten

Teacher Year No. in 
class

Conservers

 Fall Spring

C 1997–1998 25 0 17 (68%)

1998–1999 26 0 23 (88%)

1999–2000 29 4 18 (62%)

2000–2001 26 0 20 (77%)

2001–2002 29 0 25 (86%)

2002–2003 19 2 16 (84%)

P1 1997–1998 24 4 18 (75%)

J 1998–1999 25 0 17 (68%)

1999–2000 27 2 18 (67%)

V 1997–1998 26 0 0 (0%) 

1998–1999 26 0 9 (35%)

1999–2000 26 0 5 (19%)

P2 2000–2001 23 0 4 (17%)

E 2000-2001 20 1 5 (25%)

2001–2002 23 0 0 (0%)

S 2002–2003 20 0 11 (55%)

N 2002–2003 17 1 7 (41%)

Source: Kamii, Rummelsburg, & Kari 2005. Reprinted with permission from 
Kamii 2013. Copyright © Emerald Group Publishing Ltd.

Figure 4.1

Figure 4.2

Figure 4. Two lines of eight counters in one-to-one 
correspondence (4.1) and the two lines after their 

lengths have been changed (4.2).
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First grade data
The data in table 2 show the results of research in mental 
arithmetic for two groups of first-graders, a Constructiv-
ist group and a Comparison group. The Constructivist 
group included 26 children who entered first grade with no 
logico-mathematical knowledge of number. These children 
attended the same Title I school as the children in table 
1. The Comparison group had 20 children from a nearby 
Title I school that followed the state-approved curriculum.                                                

As can be seen in table 2, the children in both groups 
were asked to answer 17 mental-arithmetic questions at the 
end of the first grade year. The children in the Construc-
tivist group fared better on 16 of the 17 mental-arithmetic 
questions (Kamii, Rummelsburg, & Kari 2005; Kamii & 
Rummelsburg 2008). 

Instruction given to the two groups
The children in the Comparison group stayed in their 
heterogeneous classes during the math hour and used a 
state-approved textbook and workbook. The textbook and 
workbook were supplemented with activities recommend-
ed by Burns and Tank (1988) and Richardson (1999).  

In the primary grades at the Constructivist school, 
a group of seven first-, second-, and third grade teachers 
worked together. Each teacher categorized her students 
as low, regular, or advanced, according to performance 
levels. The children were then pooled and reorganized into 
math groups called Just Right groups. The 26 first-graders 
without any number concepts were divided between two of 
the seven teachers. The other five teachers had an advanced 
group (one teacher), regular group (two teachers), or low 
group (two teachers). The teachers and researchers engaged 
13 of the 26  first-graders without any number concepts 
in physical-knowledge activities. In physical-knowledge 
activities, children act on objects to produce a desired effect. 
The activities included Pick-Up Sticks (figure 5), Jenga, and 
a bowling game. In Pick-Up Sticks, children try to pick up 
one stick at a time without making any other stick move. In 
Jenga, they try to remove a block without making the tower 
fall. Physical-knowledge activities especially motivate chil-
dren to think because they can tell immediately when they 

are unsuccessful, and they must think hard to be successful 
the next time. It is this thinking that indirectly results in 
children’s development of number concepts.

Table 2. Two Groups of First-Graders Giving the 
Correct Answer Within 3 Seconds in Mental  

Arithmetic at the End of First Grade (in Percent)

Constructivist  
(26 students)

 Comparison  
(20 students)

 Difference 
(%)

2 + 2 100 90 10 n.s. 

5 + 5 92 90 2 n.s. 

3 + 3 77 85 –8 n.s. 

4 + 1 88 65 23.05 

1 + 5 88 70 18 n.s. 

4 + 4 88 65 23.05 

2 + 3 81 40 41.01 

4 + 2 58 25 33.05 

6 + 6 50 40 10 n.s. 

5 + 3 58 35 23 n.s. 

8 + 2 69 45 24.05 

2 + 5 62 40 22 n.s. 

4 + 5 42 30 12 n.s. 

5 + 6 24 5 19.05 

3 + 4 38 15 23.05 

3 + 6 38 10 28.05 

4 + 6 35 20 15 n.s. 

Source: Kamii, Rummelsburg, & Kari 2005.  Reprinted from Journal of 
Mathematical Behavior 24 (1), C. Kamii, J. Rummelsburg, & A. Kari, “Teaching 
Arithmetic to Low-Performing, Low-SES First Graders,” 39–50, 2005, with 
permission from Elsevier.  www.sciencedirect.com/science/journal/07323123.
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Constructivist Group and Comparison Group
In the Constructivist school (the same school as in 
table 1), 26 of the 100 or so children entering first grade 
had no logico-mathematical concept of number. We 
found this out by giving the students a hiding task and the 
conservation task described earlier. For the hiding task, 
we asked each child to count out four counters. After they 
had put the four counters out, we hid some under a hand 
and asked, “How many am I hiding?” If they gave random 
numbers like eight, we concluded that these first-graders 
did not know what four meant.

For the 20 children in the Comparison group, four first 
grade teachers identified, in their respective classes, 
about six children each with low-level classroom per-
formances. The children in the Comparison group and 
those in the Constructivist group were all at the same low 
level at the beginning of first grade, as indicated on a test 
published by Houghton Mifflin (2002). This test was given 
to all the first-graders in the Title I schools in the district. 
The mean scores for the two groups were 79.35 and 78.6, 
respectively.
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With Pick-Up Sticks, children first find the easiest stick 
to pick up by classifying the sticks into “those that are not 
touching other sticks” (the easiest) and “those that are 
touching one or more sticks.” After picking up the easi-
est sticks, they seriate (order) the sticks from “the next 
easiest” to “the hardest.” By making a spatial and temporal 
relationship, they first pick up the sticks that are on top of 
other sticks. Children must make numerical relationships 
when they decide on these sticks. Many other examples 
of physical-knowledge activities can be found in Kamii 
and DeVries (1993), and Kamii (2013) gives more details 
about how children think in a physical-knowledge activity. 
However, it is not the activity itself that is important; what 
is important is that children think.

After the winter break, the two teachers of the 26 chil-
dren in the Constructivist group introduced easy addition 
games to find out which students were ready for arithmetic. 
If a child played a game easily and eagerly, she went on to 
arithmetic with math games and word problems (for ex-
amples, see Kamii 2000). In other words, these first-grad-
ers were not asked to do arithmetic until they showed their 
readiness for it. By February, most of the 26 low-performing 
first-graders were doing arithmetic.

Note that the teachers of the Constructivist group did 
not give worksheets to the students. Worksheets involve 
naked numbers rather than meaningful content (like 
counters), and children fill them out to satisfy the teacher, 
who judges the correctness of the answers. Instead of judg-
ing the correctness of an answer, the Constructivist group 
teachers asked the group, “Does everybody agree with 
Tim’s answer?,” which encouraged the exchange of ideas 
among children. By listening to other’s arguments, children 
often conclude that somebody else’s thinking makes bet-
ter sense than theirs. Encouraging the exchange of ideas 
among children is an example of indirect teaching. 

The teachers and researchers had the children in the 
Constructivist group play games instead of completing 
worksheets, because children play games for themselves 
and are motivated to play well. When they learn arithmetic 
by playing math games, the learning is indirect.

Conclusion
In conclusion, I emphasize the desirability of indirect 
instruction that encourages children to think. Physical-
knowledge activities are important because they encourage 
children to think. In addition, games are more beneficial 
than worksheets because games teach arithmetic more 
indirectly than worksheets. Indirect teaching is more en-
gaging not only in kindergarten and first grade but also in 
the primary grades and the rest of elementary school.
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Figure 5. Ten Pick-Up Sticks that have 
been scattered.
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