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Over the last fifty years or so, many educators and researchers have written about this explicitly and
implicitly and this will be discussed later in this paper. However, whilst new curriculum documents for
teaching mathematics have been developed in both Australia and USA, they have not stemmed the levels of
concern being expressed about teacher knowledge or about how mathematics should be taught. In fact, the
Common Core State Standards for Mathematics (NGA Center, 2010) and the Australian Curriculum:
Mathematics (ACARA, 2012) are widely viewed as being ‘lost opportunities’ (Atweh & Goos, 2011; Atweh,
Miller & Thornton, 2012; Hurst, 2014a).

In Australia, the concern has been manifest in recent federal government initiatives including a review
of the Australian Curriculum and an inquiry into teacher education (Government of Australia, 2013, 2014).
These are important initiatives but unless there is a shift in how mathematics is perceived and organised,
then nothing is likely to change in terms of teacher knowledge. The notion of ‘big ideas” of mathematics is
not new but it has, in recent years, been afforded some prominence (Charles, 2005; Clarke, Clarke & Sullivan,
2012; Siemon, Bleckley & Neal, 2012). It is suggested here that a focus on the ‘big ideas” of mathematics, in
particular of number, is the key to developing teachers” mathematical content knowledge and their capacity
to respond effectively to curriculum documents. Charles (2005, p. 10) defines a ‘big idea” as “a statement of
an idea that is central to the learning of mathematics, one that links numerous mathematical understandings
into a coherent whole”. He contends that ‘big ideas” are important because they enable us to see mathematics
as a “coherent set of ideas” that encourage a deep understanding of mathematics, enhance transfer, promote
memory and reduce the amount to be remembered (Charles, 2005, p. 10).

Green (2014) noted recently when observing methods for teaching mathematics that “The Americans
might have invented the world’s best methods for teaching math to children but it was difficult to find
anyone actually using them” (p. 2). This comment is clearly related to pedagogies but it is necessarily bound
up with content knowledge. One reason for this could be that many teachers see the curriculum as “a mile
wide and an inch deep” (NGA Center, 2010, p. 3), a problem reflected in the Australian context as noted by
Siemon, Bleckey & Neal (2012) — “A focus on the big ideas is needed to ‘thin out’ the overcrowded
curriculum” (p. 20). The recent curricula developed in Australia and USA have continued to present content
in a familiar linear fashion which does little to give teachers reason to consider that mathematics may be
more than unconnected ‘silos’ of information. The view here is that presenting mathematical content
knowledge using ‘big ideas’ as focal points is the way to deepen the understanding of teachers and to have a
positive effect on their pedagogies. This view is supported by Gojak (2013) who noted that it is time to
change the way in which mathematics education is viewed and that children need to be taught by teachers
who deeply understand mathematical concepts.

Developmental, not linear

If change is to occur it needs to be based on a view of the ‘big ideas” of number being developmentally
linked. This clashes with the traditional linear way of presenting curriculum content. The latter encourages
teachers to teach only the content ‘designated’ to their particular year level without necessarily ensuring that
children have the pre-cursor knowledge required to be able to understand it. The situation where children
may lack specific knowledge or may develop misconceptions is exacerbated the further they move through
school. What needs to happen is for teachers to be encouraged to use ‘big ideas’ as a series of coherent
concepts connected in developmental ways. That is, the foundations for some later concepts are being laid
years before full understanding of the concept may manifest itself.

Big...little...bigideas

If this is to occur, teachers need to understand the “micro content’ that makes up each ‘big idea” or key
concept. These points of ‘micro content’ could also be described as ‘content descriptors” or ‘key learning
criteria’ for each ‘big idea’. If a teacher knows about ‘micro content” and can recognise when a child knows it
or otherwise, s/he is in a better position to help that child develop a richer understanding of the key concept
or ‘big idea’. As well, the developmental relationship between the "big ideas’ of number will then help to
ensure that the child is building a solid foundation for her/his future learning of the ‘big ideas’ that follow.

Notwithstanding the importance of such ‘micro content’, Major (2012) noted how children’s
misconceptions can be masked by apparent understanding. For example, a teacher could misinterpret the
depth of a child’s understanding of a key concept (or ‘big idea’) because the child might demonstrate



I"HS%& (HY0)&FEH #,-& (HH &

knowledge of one particular criterion which may lead a teacher to assume that a more complete
understanding is present. If the teacher had a deep, rich, and connected understanding of the particular
concept, or ‘big idea’, then s/he would likely be prompted to further investigate and probe the child’s
thinking.

Conceptual development

The focus on ‘big ideas’ is not new and can be traced back at least to the work of Bruner (1960) with his
emphasis on concepts. Bruner described four essential functions of concepts — they provide structure for a
discipline, provide a framework for more easily understanding and recalling details, act as bridges for
transfer of learning, and hence provide a structure for on-going learning. These features are quite obviously
common to what are called ‘big ideas’. Noting Bruner’s work, Clark (2011) provided his own definition of a
concept:

My working definition of “concept” is a big idea that helps us makes sense of, or connect,
N%&/0&.9)).,&$1,2%3&!/45,6)%&2#,&58;6808 1 &9). 1, #%38&9",.&6#/851,&(%&;$)"&2&0#2< ,; /#-&I#&
%0)#(5)(#,&,$)"$4&,"$5"&;,&5248&08.,&248&2.</%)&.$<$).,%%&2</(4)&/0&$40/#<2)$/43&=4,&/0&)",&(4$>(,&
0,2)(#,%&/0&)",%,&5/45,6)(2.803.,%8&$%&)" $#&52 CB Th} GBI RH-A&BCDIBA&G3&EBF

In 1993, Brooks and Brooks (as cited by Clark, 2011) said that there was a further function of concepts,
that being the provision of a framework with which individuals can construct their own understanding. This
is inherently linked to the earlier work of Skemp (1976) who described relational understanding as a
“building up [of] a conceptual structure (schema) from which its possessor can (in principle) produce an
unlimited number of plans for getting from any starting point within his schema to any finishing point” (p.
14). More recently Van de Walle, Karp and Bay-Williams (2013) represented Skemp’s ideas on a continuum,
illustrating relational understanding at one end of the continuum being characterised by multiple
connections within and between ideas and instrumental understanding characterised by no or very few such
connections.

Connectedness and transfer

It was noted earlier that the ‘connectedness’ of mathematical content knowledge has been explicitly and
implicitly discussed by numerous educators and researchers. In his seminal paper about knowledge growth,
Schulman (1986) discussed “substantive structures [as being the] ways in which the basic concepts and
principles of the discipline are organized to incorporate its facts” (p. 9). These ‘structures’ could be said to be
akin to the links and connections of ‘big ideas’” (Hurst, 2014b). Later, Hiebert and Carpenter (1992) noted
how understanding depends on a ‘network of representations’ and Ma (1999) identified ‘knowledge
packages’ where ideas are connected through ‘concept knots’. Given the depth and breadth of informed
comment about the connected nature of knowledge within a conceptual structure such as ‘big ideas’, Clark’s
(2011) comment about transfer of learning is somewhat chilling —“The primary reason that so many adults
are unable to transfer what has been learned in one situation to a different situation, is because they have
been programmed to think linearly, inductively, and in little boxes” (p. 34). Clark’s comment may have been
written long before the development of the Common Core State Standards for Mathematics and the
Australian Curriculum: Mathematics but it describes the contemporary situation well. Curriculum content is
still presented in the same linear fashion as it was in previous curriculum documents and, as a consequence,
many teachers continue to teach it in the same unconnected way and inevitably, many children learn it in the
same unconnected way.

What are the ‘Big Ideas’?

In deciding what ‘big ideas” might be and/or look like, it is necessary to consider Charles’s (2005) work
in which he described twenty one ‘big ideas” of mathematics and noted, as did Clarke, Clarke & Sullivan
(2012), that it would be unlikely to obtain universal agreement amongst teachers and teacher educators
about what precisely such ‘big ideas’” should be. Siemon, Bleckly & Neal (2012) took a more particular stance
in discussing the ‘big ideas” of number in terms of how they were presented in the Australian Curriculum:
Mathematics and described six ‘big ideas of number’ which form the basis of the graphic illustration that
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understanding of pattern which constitutes much of essential early number experiences children should
have (Siemon et al., 2011). Similarly, many aspects of proportional reasoning are directly attributable to
multiplicative thinking and develop simultaneously with it, and multiplicative partitioning, as children
work flexibly with fractions. An example of this is how links are made between the concept of equal shares
and the fraction construct for division. Connections such as this are explored further later in this article.

The remainder of this paper will examine the ‘big ideas’ situated in the primary school years, with a
particular emphasis on multiplicative thinking. It will briefly examine each of the big ideas, how they are
inter-related and how they become apparent and are enacted in the primary classroom. In keeping with the
position stated earlier about the central importance of teacher content knowledge, each ‘big number idea’
has been examined to determine the required ‘micro content’. It is essential to identify the key components
of each ‘big number idea’ for teachers to be better positioned to assist students in moving through the
trusting the count phase to place value, to multiplicative thinking and to multiplicative partitioning. It needs
to be recognized at the outset that this progression through the ideas is not a linear process, but a
developmental one.

I"H$%& () *+$,$-',.%%(,-$.%6/0'12(%-$34$%8&: ,.%%6(,-$%&. . %25$-/

In order to develop fully each of the big ideas of number, the myriad connections that exist within and
between them need to be identified and understood. This means knowing about underpinning concepts and
ideas and how they are linked. As well, certain critical aspects of thinking and where they fit into the
developmental sequence also need to be identified. For instance, it is vital that children understand the
principles of counting and can count fluently in different ways. However, it is even more important that they
move on from an additive approach and begin to think multiplicatively if they are to progress beyond a
basic level of mathematical understanding. What then, are the ideas, concepts, and associated experiences
that are the conduits by which connections are made? That is, how are trusting the count, place value, and
multiplicative thinking connected and related?

It is evident that certain key ideas need to be in place for children to ‘trust the count’. The quantification
goal of both counting and subitizing depends upon ample early experiences with sorting, classification,
grouping and patterns, as children learn about conservation of number (Reys et al., 2012; Department of
Education, 2013b). Once children ‘trust the count’, they are able to understand place value through the entity
of the ‘ten group’. At this stage, a number of connected ideas loom large and the development of these ideas
positions children to think multiplicatively and hence proportionately and algebraically. Numerous
mathematics educators and researchers (for example, Jacob & Mulligan, 2014; Young-Loveridge, 2005) have
identified the multiplicative array as a key idea in developing children’s thinking.

It is not just the construct of the array but the way it links to other ideas that is important. There are
obvious connections between it and the notion of equal sharing and grouping, and hence multiplication and
division, as well as the commutative and distributive properties of multiplication and the ideas of part-part-
whole understanding and flexible partitioning. Jacob & Mulligan (2014) also specifically note how teachers
can use the array pattern “to focus students’ attention on all three quantities at once ... the number of
groups, the number in each group, and the whole amount, as well as the associated language” (p. 37).
Indeed, the use of the terms ‘factor’ and ‘multiple’ needs to be an integral part of working and learning with
arrays.

Hence it is important for teachers to deeply understand how the ‘big number ideas’ are inextricably
linked through representations such as arrays. This is the essence of ‘big idea thinking’, part of which is to be
able to identify particular points of ‘micro content’ that underpin to some extent the development of later
ideas. Examples of this will be given throughout the next section which deals with four of the ‘big number
ideas’ and their component parts.

675/-$%&"-8(',.5%-'

The first of the ‘big number ideas’ is trusting the count. Originally the term trusting the count was
coined by Willis (2002) to highlight how students may not understand that the number said at the end of the
counting act represented the total, and was invariant, in that if counted again the same number would be
reached. In more recent times the definition of trusting the count has broadened from just being the
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learning progression. There are several ways of viewing the development of place value. One view is
described by Ross (1989) who asserted that there were four properties of the numeration system. There are
the additive property, whereby the value of a numeral is determined by the sum of the values of individual
digits; the positional property, where the position of a digit within a numeral determines its value; the base
ten property, where there is a ten times relationship between each place and those to its left and right; and
the multiplicative property, where the total value of a digit is determined by the product of its place and face
values (Ross, 1989).

Another way of viewing place value development is through three phases. The first phase is unitary
value, being the placement of the number in the number string (i.e. 37 is after the number 36). This is a
concept which is perhaps not as easy as it might seem, as Moeller et al. (2011) insisted that children must
S7¢"-S'ESee¢1S™™e¢]l MeSEZL1YSe2Z21520Z1"1™eSEZL1+'Z1Z—cel
according to Gervasoni and Sullivan (2007), 27% of Year 2 students find problematic. Being able to place the

S—el1 " —

—Z-<Z>el'—+"1 <—o0e 1'l’'-™">eS—e81SceloeczeZ—eel '"1S>Z1<ZeeZ>1"'—17Z+7
is the larger, enjoy higher achievement in mathematics (De —Ze+¢3d1 "°¢81 'e—">71i1 —@S>’81XVWY Ui

The second phase is quantity value, that is, 36 is 30 + 6. This phase is built on additive thinking and
employs standard partitioning along place value lines. Thompson (2009) stated that this understanding of
place value is particularly important in employing mental computation strategies.

He concluded that for all of the four operations, the digits in the tens (and hundreds) column are seen as
quantities in their own rights, 40 is not seen as four in the tens column or even 4 x 10, but forty. Further, he
concludes that this is highly desirable until formal written algorithms are required (Thompson, 2009).

The third and final phase is a column value understanding of place value. That is that 36 is 3 x 10 and 6 x
1, the kind of understanding that is vital in being fluent with many standard written algorithms. Many lower
and middle primary school teachers are well versed in the use of trading games and structured and
unstructured materials to promote the first and second phases of place value but can at times find the third
phase a challenge. This third understanding of place value is an important pre-requisite for developing an
understanding of the multiplicative relationship between places in the number system (Thomas, 2004). As
stated previously, it should be understood that there is a certain amount of multiplicative thinking which is
developing simultaneously with trusting the count, and an increased amount with working towards an
understanding of place value (See Figure 1).

The column value understanding of place value relies on a developing understanding of multiplication.
There is an argument (Graveiimeijer & van Galen, 2003) to suggest that a combination of procedural
(memorisation of basic multiplication and division facts)and a conceptual understanding of multiplication
are both required. To move the students through quantity value place value, which is mostly additive in
nature, an alternative approach emphasising the significance of the size of the unit and the number of those
units in determining quantity is required (Confrey & Maloney, 2010). Larsson (2013) cautioned that if
students who use additive thinking are left to practise multiplication facts, algorithms and other procedures,
this may not provide them with the opportunity to develop the understanding of multiplication as
something more than repeated addition of equal groups. Traditionally, teaching multiplication and division
begins with the relationship between repeated addition and multiplication (Confrey & Smith, 1995) an

SMM,"SE'L “"E'1>ZeeZE+®@1S1 >Z™7Se7e1 See’e’"— 17—e750eS—e'—e1 el -7«

understanding does not necessarily provide the required broader view and the qualitative change in
students thinking which is ultimately required (Barmby, Harries, Higgins & Suggate, 2009). This broader
view is characterised as requiring: replication (rather than joining as in addition/subtraction); the binary
rather than unary nature of multiplication, and the notion of two distinct and different inputs;
commutativity for multiplication but not division; and distributivity (Barmby, Harries, Higgins & Suggate,
2009).

One method for trying to build a conceptual understanding of multiplication is the multiplicative array
which will be more fully discussed in the next section. Whilst this article focuses on multiplicative arrays, it
should be noted that other representations, such as the number-line also need to be employed to develop a
rich understanding of column value place value. Moseley (2005) called for the use of multiple
representations in mathematics education suggesting that students who experience a broader range of
representations have an increased understanding of concepts. Similarly, Young-Loveridge (2005) described
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